To explore the mechanism for the entropic gradient proposed in Entropic Gravity theory, we propose a thermal reversible process for 1-particle Rindler states thermalized in redshifted Hawking Temperature T (r). We find when Casini's version of Bekenstein bound is saturated, the external force matches the local inertial force in Schwarzschild solution, except for a negligible statisticsdependent factor. We argue gravity may have statistical dependence if it is emergent from quantum statistics.
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I.INTRODUCTION
Three different aspects are combined to consider the inertial force in gravitational field as a thermodynamic dual effect. They are Entropic Gravity [1, 2] , Hawking Temperature [3] , and Marolf's and Casini's results on Bekenstein Bound [4] [5] [6] .
Entropic Gravity is to understand the connection between gravity and Entanglement Entropy. Several approaches and proposals have been done [7] [8] [9] [10] , while [11] examined the major assumptions for the origin of Entropy.
Verlinde's theory [1, 2] suggested the gravity as an macroscopic entropic force, emphasizes the existence of an entropic gradient responsible for inertial force. Thus the information structure of spacetime influences the gravitational behavior. The open questions to answer are where does the entropic gradient come from and can we form more specific thermodynamic process?
We find clues from historical Hawking Temperature and Casini's work on Bekenstein Bound in QFT. Noticing Hawking Temperature is position dependent [12] for static observers in the spacetime of Schwarzschild black holes, we use it to replace the role of Unruh Temperature for states in common approaches of Entropic Gravity. Thus the thermal states will have entropic gradient to form specific thermodynamic processes.
Meanwhile, Casini [6] proved a precise version of Bekenstein bound in quantum field theory which avoided species problem.
Based on [5, 6] , we relate the inertial force to the subtracted entropy and energy of the exited states from vacuum in free field theory. Our expression for external force F µ to compare with inertial force is statistics-dependent
when Casini's version of Bekenstein Bound is saturate and
where T (r) = T H V (r) with V (r) = e φ(r) is the redshift factor to the generalized Newton's potential φ.
This paper is rather an unperfected story organized to show the coincident derivation of those results in a short cut and then look back to see the conditions and implications of the derivation. In the whole context, we adopt the Natural Unit c = k = = 1.
II. THERMAL PARTICLE STATES
According to the Unruh Effect [13] , an accelerating observer will see the thermal spectrum of particle states. Even the Minkowski vacuum will be full of thermal particles to the observer.
In [5, 6] , to prove log M increasing in species problem will not ruin the Bekenstein Bound, 1-particle mixed states with M species are considered. In Minkowski spacetime, the mixed state made for 1-particle state are taken to be
Meanwhile the Hilbert space can be decomposed as a tensor product H = H −V H V with two casual separated Rindler Wedges −V and V . Tracing over the left Hilbert space H −V which is conventional taken to be invisible, the particle states will follow thermal distribution of Unruh Temperature T = T U = a 2π proportional to the acceleration a.
The reduced density matrixes of the vacuum and 1-particle Rindler states with M species of free scalar fields in [5] [6] are
where we adopted a vector notation N = (N 1 , ..., N M ) and the total number operator N satisfying arXiv:1811.03765v1 [hep-th] 9 Nov 2018
.., N M . The density matrixes now follow the same thermal distribution as states of M thermal harmonic oscillators with temperature T and single frequency mode ω.
And this interesting similarity inspired us to consider the thermal ensembles with the same form of density matrices generally for Bosonic (labeled by b) and Fermionic (labeled by f ) states
where Z 0 and Z 1 are normalization factors satisfying Tr ρ i = 1. However, the basis are different for the Fermionic states with N f i ∈ {0, 1} due to Fermi-Dirac statistic. Later we will put the situation more general considering T = T (r) for thermodynamic process in curved spacetime.
The expectation value of the number of the Bosonic thermal vacuum would be
which agrees with Bose-Einstein statistic. The expectation value of number operator of the thermal Fermionic vacuum would be
which is what Fermi-Dirac statistic would tell.
In the following context, we make our calculation for the Bosonic ensembles using the expression of ρ i V . And then generalize the result to Fermionic ensembles.
II.1 Observer-Dependent Energy and Entropy
The Hamiltonian of the quantum oscillators is
where N is the number operator counting the total number of particles. The total energy of any state ρ is calculated by counting the expectation of number operators N
where we need to take the expectation value of the total number of the particles of the states. For a state ρ, the Von Neumann entropy is
Because of the Unruh Effect, when regarded as thermal harmonic oscillators, we notice the energy and entropy of ρ i V are connected to Bose-Einstein statistic, which means are statistic-dependent. The energy is
And the entanglement entropy of the vacuum corresponding to the single mode in consideration is
which is the entropy of a thermal ensemble of M independent oscillators.
While the entropy of ρ
where the last term
It is no hard to generalize the results to Fermionic states by changing the statistics-dependent factor. The statistical differences already appear in energy and entropy for different quantum statistics and also for different M . Though the effect may not be obvious when T → 0, can the statistical differences become observable effects? Also, we put the question here if the statistical dependence remains when consider the gravity as an entropic force.
II.2 Entropy Bound in Large Species Limit
When M is very large so M e −ω/T 1, we can follow [5] for a mean-field expansion to evaluate the last term in (15):
and we will get
In analogue, for general thermal states, we will get
where + for Fermionic states while − for Bosonic states. Generally, the bound is hold because relative entropy S(ρ 1 ||ρ 0 ) is non-negative
which is Casini's version of Bekenstein Bound [6] 
where H/T is also the modular Hamiltonian K 0 of vacuum. When M → ∞, the bound S ∞ is saturated
and the relative entropy S(ρ 1 ||ρ 0 ) becomes zero, which means the 1-particle state is highly mixed and indistinguishable from the vacuum.
The bound is also statistical different for Bosonic and Fermionic states. Besides, since any 1-particle pure state |1 i = a † i |0 with M species vacuum |0 = ⊗ i |0 i is equivalent to the state with M = 1, the reduced density matrixes for the pure excited states have different subtracted entropy and the bound is far from statured. We will see the bound plays an important role in the expression of inertial force.
III. THERMODYNAMICS
We will see how the states changes with infinitesimal variation to the distribution with respect to ω/T
∆f (
Later we will distinguish the variation of frequency ω and temperature T separately, they are relavent to different thermodynamic processes.
III.1 External work from the difference of two First Law
The thermodynamic First law is well known as the conservation law of energy while the entanglement first law for entanglement entropy is formed for modular Hamiltonian. Here we compare these two first laws for 1-particle reduced density matrixes, to relate the external work to the difference.
First we write down the thermodynamic first law
We find the density matrixes satisfying
which is indeed the first law of entanglement entropy. The modular Hamiltonian K i is defined from a reduced
Compare (25) with the thermodynamic first law (23), when the the heat is completely caused by the entanglement entropy ∆Q = T ∆S i , (23) becomes
We can relate that the external work ∆W for 1-particle states to the T ∆ log N 1 term, where log N is just the difference of two modular Hamiltonians
This is the first result we have got.
III.2 Thermal Reversible progress
State ρ(Τ)
State ρ(T')
Temperature increases
FIG. 1: A test exited state ρ(T ) is hold by an external
force F µ (r) in a thermal atmosphere T (r). F µ (r) can be calculated from a reversible process by moving it to ρ(T ) with dp = 0. This picture is in a triumph to relate the change of Rindler thermal states, to the phenomenon of gravitational falling.
A thermal reversible progress is an ideal process that changing the ensemble while keep it always in equilibrium with the outside heat bath, allowing to subtract the maximal external work.
We propose a special thermal reversible process when we have a temperature gradient ∇ µ T as shown in FIG.1 . We assume states exact external work is done so that the frequency ω won't change, while the particle state will gain no momentum during the process: dp = 0.
If the temperature depending on an external parameter r, we have
Thus each single mode doesn't cross into each other during the process.
III.3 Derivation of Inertial Force
The local inertial force should be opposite to the external force F inertial = −F µ . First we can derive the external force during the thermal reversible process using F µ (r)dr = ∆W :
The result increasing with M . When the bound is saturated at M → ∞, the general expression for F µ (r) is
In low temperature limit T → 0, since e −ω/T ≈ 0, we can get an approximation
For a asymptotical flat Schwarzschild black hole of mass M, with ds
r , the Hawking radiation has the Hawking Temperature T H at infinity. For a static observer at r with four-velocity U µ = (1, 0, 0, 0), he will observe any states in a local temperature that follows Tolman law [12] T
where κ is the surface gravity of the event horizon and
is the redshift factor. This is a natural candidate for the origin for the temperature gradient. Applying the Hawking Temperature (32) at position r to (31)
, (33) which with the local inertial force in Schwarzschild solution
where V (r) = e φ(r) and φ(r) is the generalized Newton's potential.
The derivation also works for states following FermiDirac statistic by replacing the factor in (30) to 1 1+e −ω/T . We will see how negligible the statistics-dependent factor 1 1±e −ω/T is. The approximation is indeed very precise.
III.4 Free Falling Process
If we change ω without changing temperature T , the external work will be
Compare with the thermal reversible process which keeps ω constance
If there is no external work, we will get
The statistics-dependent part ∂ ω/T log N 1 no longer exists! The result agrees with General Relativity but we get it from a thermal process. And this result holds for any specie number M . Now we get the version of thermal process dual to free falling. We can imagine it from the point of view of infinite static observers who sit in a chain to observe the states evolving in T (r), but leave no external work to the states in total.
IV. LOOKING BACK TO THE RESULT

Supposition of Gravitation Mass
The above results lead us to relate the gravitational mass to be
When the mechanicsm for each frequency mode ω j doesn't cross into each other, and states with n j particles behave as independent 1-particle states, the gravitational effect follows the principal of superposition
so our results from the simple model of 1-particle states with single modes are more general. However, the new thing is our familiar but strange statistic-dependent factor. When M → ∞, F µ in (30) depends on the subtracted energy ω( N 1 − N 0 ) measured by the static observer. This is consistent with Equivalent Principal for gravity to response to any form of energy.
Statistics Behavior Does the inertial force do depend statistics and how much the states are mixed? First we notice for Unruh Effect, by counting the number of particles, the nearly negligible statistics-dependent factor f = However, the effect from different M may be still testable. Since the inertial force for accelerating observers almost matches with Schwarzschild solution only when the Casini's version of Bekenstein bound is saturated, a difference of inertial force may exist between quantum pure states (M = 1) and mixed states for classical matter.
V.IMPLICATIONS AND DISCUSSION
The coincident derivation has some further possible implications. We discuss three major implications towards our results.
Firstly, we now have a dual thermal explanation of the inertial force. When Casini's version of Bekenstein bound is saturated, we notice free energy U i = H i − T S(ρ i ) of 1-particle states and vacuum are the same. Thus from
where we know ∆W = 0 for ρ 0 and ∆W = F µ dr for ρ 1 . The local inertial force F inertial = −F µ (r) can be written in a formula made of the bound S ∞ in (21) and temperature gradient because
rather than of entropic gradient F a = T ∇ a S. That is because in this specific situation, the heat ∆Q = T ∆S not only transforms into external work ∆W , but also into internal energy H . Secondly, the role of large M limit resembles the large N limit to form a classical limit. But even if there are not so many different species of fields, the bound maybe easily to achieve for classical matter distribution because we can easily build a highly mixed states. For example, by referring to the directions of momentum p to replace the role of different species, there are infinite bases of bases with the same frequency ω,
Thirdly, we have appointed a new role of Hawking Temperature. The free field model in the temperature gradient is representative to explain the origin of the entropic gradient for gravity as a thermal process. That is because the gravity should response to any form of energy and obey a universal mechanism. So far without any thing holographic, the mechanism works out fine.
Notice that the Hawking Temperature is also an observer-dependent effect like Unruh Temperature, the entropy and energy comes from the microscopic degrees of freedom of particle numbers. Thus we proposed the above mechanism rely on those degrees of freedom independently. Thus, this kind of temperatures can not be insulated, as a thought experiment FIG.3 showing the logic. Since in our situation we have argued the mechanism works for black hole and the inertial force is same in the Schwarzshiled solution. We have reasons to infer the same mechanism also works for general matter distribution: the general matters also thermalizes the particle states with an equivalent gravitational temperature field T (r). It is possible that the entanglement structure for general matter distribution maybe also exists in the same way as the spacetime of black holes.
In a summary of this paper, thermal processes were built from the point of view of accelerating observers, where we already know the existence of temperature, so degrees of freedoms same in Unruh Effect which are observer-dependent appeared to explain the familiar gravitational results in GR but saw the influence of quantum statistics.
